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TECHNICAL NOTE

Indices of multilocus linkage disequilibrium
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Abstract

Linkage disequilibrium is an ubiquitous biological phenomenon. However a common
metric for disequilibrium — the index of association or I, —is dependent on sample size. In
this paper we present a modification of I, that removes this dependency. This method has

been implemented in a software package.
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Many interesting biological processes can cause linkage
disequilibrium, that is, statistical associations between
alleles at different loci. These processes include population
differentiation and isolation by distance, asexual repro-
duction, linkage, and natural selection. Consequently, it is
often useful to test for linkage disequilibrium in multilocus
data sets. However, there are practical difficulties: for n
loci, there are n(n—1) /2 pairs of loci between which one can
test for disequilibrium. For a survey of 10 loci, there would
be 45 different tests, even leaving aside higher order
associations (Weir 1996). One common approach is to
summarize the data with a single multilocus measure
of linkage disequilibrium, the index of association (I,)
(Brown ef al. 1980; Maynard Smith ef al. 1993; Haubold et al.
1998). This summary statistic is based on the variance of
pairwise distances between individuals (i.e. the number of
loci at which they differ). Thus, it essentially tests to what
extent individuals that are the same (or different) at one
locus are more likely than random to be the same (or
different) at other loci. Significance tests can be based either
on comparisons of the observed value to those for
randomized data sets (Burt et al. 1996) or using on an
analytical approximation (Haubold ef al. 1998). However, it
is an unfortunate property of I, that its expected value
depends upon the sample size of loci, which makes
comparisons among populations difficult (Brown ef al.
1980; Maynard Smith etal. 1993). Here we propose a
modification of I, which largely removes this dependency
on number of loci. We also suggest how to test for
significance when there are missing data.
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The index of association is defined as
I, =(,/V)-1

where V_ is the observed variance of pairwise distances
and V, is the variance expected in the absence of linkage
disequilibrium. Pairwise distances can also be calculated
for each locus separately (in which case they are either 0, if
the isolates are the same, or 1, if they are different). Let the
variance of pairwise distances at locus j be var;. V, is equal
to the sum of this variance over loci, V, = Zvarj, and V is
this plus twice the covariance of distances, summed over
all pairs of loci:

V, = Zvar; + 2XXcov;

Substituting these expressions into the definition of I,,
we get

I, = (Zvarj + ZZEcovj,k)/Evarj - 1=2%¥cov;, /Zvar;

This formulation highlights the weakness of the statistic:
the number of terms in the numerator increases as n2, while
the number of terms in the denominator only increases
with n. Thus, unless the covariances are 0, I, will increase
with 1, the number of loci.

To avoid this problem, we suggest an alternative stand-
ardization for the covariances:

7, = ZZcovjrk/(ZZ\fvarj.vark)

This expression has a form similar to a correlation
coefficient, with a maximum value of 1; hence we use the
symbol 1, with subscript d referring to distances.

To confirm that 7, is largely independent of 1, we con-
structed an artificial data set with considerable linkage
disequilibrium and calculated 1, and 7, for the complete
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0.z Fig. 1 Indices of multilocus linkage dis-
equilibrium and number of loci. A data
set of 32 individuals and 29 loci was
constructed by arranging the individuals
in a comb-like phylogeny and having

o each internal branch supported by one

locus. I, and 74 were calculated both for
the full data set and for random subsets
I in which varying numbers of loci were
included in the analysis. Each sample size

o1 was replicated 1000 times. Calculated

using MultiLocus v1.2.

Loci sampled

data set and for subsamples with varying numbers of loci.
The results show a clear dependency of I, but not 7, on
number of loci (Fig.1). Use of 74 should, therefore, facilitate
comparisons among populations.

Tests of significance by randomization are conceptually
simple, more robust than analytical approximations (Haubold
et al. 1998), and easy to perform with modern computers.
For any particular data set, I, and 7; are monotonically
related across randomizations (because the numerator is
the same for the two statistics, and neither denominator
changes with randomization). Therefore, P-values for the
two statistics from randomizations will be identical.

One potential difficulty in tests of significance, is how to
deal with missing data. This is particularly problematic if
the missing data are nonrandomly distributed such that
some individuals have more than others, as is often the
case. Under such circumstances, one might conclude there
is linkage disequilibrium when in fact none exists. We pro-
pose that for tests of significance in the presence of missing
data, the observed data set be compared to randomized
ones in which the missing data have been fixed in place
and the true data shuffled around them. This ensures that
any structure in the missing data is also replicated in all
randomized data sets: any difference between observed
and randomized data sets must, therefore, be due to the
differences in the real data.
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MultiLocus, a computer program implementing these
suggestions is available from http://www.bio.ic.ac.uk/
evolve/software/multilocus/. Versions are available for
Macs and PCs.
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